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SUMMARY This paper is part of research on the development and testing
of a modified version of COSMO LM, that is aimed to assess the feasibility
of a time integration technique called Dual Time Stepping (DTS). In a
previous paper it was described the implemention of the proposed time
integration core with an application for a steady mountain ideal flow. In the
present work the DTS scheme has been applied to an unsteady idealized
test case, the nonhydrostatic inertia-gravity wave, that involves the evolution
of a potential temperature perturbation in a channel. This study on idealized
cases will be followed, in future research, by an assessment of the proposed
numerical scheme on a realistic test case for Meteorology and Climatology.
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INTRODUCTION AND MOTIVATIONS

As stated in a previous research paper [1], no
evidence of a previous attempt to use Dual
Time Stepping (DTS) in Numerical Weather
Prediction (WPN) has been found in literature
by the author. In order to reduce the complex-
ity of the re-coding effort, the original frame-
work of COSMO [2] has been used with a lim-
ited amount of modifications. The aim of the
present work is to assess the use of the DTS
scheme on an idealized test case, extensively
studied in the reference literature [3, 4], by
comparing the results obtained with the origi-
nal version of COSMO. Therefore the non hy-
drostatic inertia-gravity wave test is particularly
interesting since it allows to compare the evo-
lution of a gravity wave without any disturbance
introduced by the parametrizations and/or the
orography. The original version of COSMO
adopts the time-splitting scheme of Wicker and
Skamarock [6] , where the slow processes
are integrated with a second-order three-stage
RK scheme and the fast ones with a forward-
backward scheme in the horizontal direction
and an implicit Crank- Nicholson scheme in ver-
tical. In the DTS version of COSMO all (fast
and slow) processes are treated using the same
scheme.

INERTIA-GRAVITY WAVES

The first test case that we use was proposed
by Skamarock et al. [3]. The nonhydrostatic
inertia-gravity wave involves the evolution of a
potential temperature perturbation in a channel
with a background flow. A lot of meteorolog-
ical models, like COSMO, discretise and inte-
grate the advection and the fast modes (sound,
gravity waves) differently. The introduction of
a background flow serves as a test for a good
coupling of these processes. The initial condi-
tions we use are identical to those of Giraldo [4].
The initial state of the atmosphere is taken to

have a constant mean flow in a uniformly strati-
fied atmosphere with a constant Brunt- Väisälä
frequency. Skamarock and Klemp gave an an-
alytic solution for this test but, unfortunately, it is
only valid for the Boussinesq equations. There-
fore we compare only the maximum and min-
imum values of potential temperature pertur-
bartion and vertical velocity perturbation with
those reported by Giraldo. Different settings of
COSMO were examined.

The second test case that we use is based on
the work of Baldauf [5], where a slightly modi-
fied version of the idealised test setup used by
Skamarock and Klemp is proposed: the modifi-
cation allows to derive an exact analytical solu-
tion for the compressible, non-hydrostatic Euler
equations, for the quasi linear 2-dimensional
expansion of sound and gravity waves in a
channel induced by a weak warm bubble.

We introduce here some general remarks about
the numerical simulation. Every physical pa-
rameterisation in the numerical model must
be switched off, in particular (turbulent) diffu-
sion and boundary layer treatment. Further-
more, free slip boundary conditions must be
prescribed at the top and the bottom of the do-
main . Damping layers at the lateral bound-
aries and Rayleigh damping must be switched
off, too. To be in a strongly dominated lin-
ear regime, the initial temperature perturbation
must be relatively small (0.01 K). Consequently,
only small pressure perturbations are produced
which must be compared with the total pressure
O(105 Pa). Thus double precision for all floating
point operations is recommended.

INERTIA-GRAVITY WAVES IN THE
ORIGINAL COSMO

In the first test case the initial state of the atmo-
sphere is taken to have a constant horizontal
mean flow of u = 20m/s in a uniformly strat-
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ified atmosphere with a Brunt − V äisälä fre-
quency of N = 0.01/s. The domain is de-
fined as (x, z) ∈ [0, 300000]m× [0, 10000]m with
t ∈ [0, 3000]s. Figure 1 shows the iso-contours
of potential temperature pertubation at the be-
ginning of the simulation, where a hot bubble
(∆Θ=0.01oC) is placed at x = 100000 m, follow-
ing the same perturbation law used by Giraldo.

No-flux boundary conditions are used along the
bottom and top boundaries, that are modeled
as a rigid-lid-free-slip. A the lateral boundaries
inflow/outflow free-slip conditions are imposed.
The results are considered after 3000 s of sim-
ulation, when the initial disturbance has been
propagated. A first study has been carried out
on the original version of COSMO in order to
assess the grid convergence and analyze the
sensitivity of the solution to the numerical pa-
rameters used in the time integration scheme.
More in detail, it has been assessed the im-
pact of the weigthing applied to the numeri-
cal time derivative in the fast waves implicit
scheme. Further studies have been carried out
using different advection orders, but no signifi-
cant changes have been noticed and the results
have been not reported. A complete summary
of the results can be found in Tables 1 and 2.
The solution corresponding to the case labeled
as ORβ9 has been reported in the following
figures.

The iso-contours of potential temperature per-
tubation (∆Θ) after 3000 s of simulation are
reported in Figure 2 , showing the simmetry of
the waves about the position x = 160000 m.

The simmetry can be either observed in Figure
3, where the iso-contours of the vertical velocity
(w) have been reported. We use the same con-
touring interval used in Giraldo and our results
look quite similar.

Figure 4 shows the iso-contours of horizontal
velocity perturbation (δu) after 3000 s of simu-
lation, using the original routines of COSMO: it

Figure 1:
Contour of δΘ, dt=12 s, t=0 s

Source: Original COSMO

Figure 2:
Contour of δΘ, dt=12 s, t=3000 s

Source: Original COSMO

is possible to notice the simmetrical behaviour
of the inertia-gravity waves.

The distribution of the potential temperature
pertubation (∆Θ) has been reported at an alti-
tude of z=5000 m in Figure 5 . It is interesting to
notice the particular behaviour of the potential
temperature pertubation around the position x =
160000 m, where a certain time resolution is re-
quired to obtain this two-small-peaks structure.
This aspect will be analyzed in the following
sections where the dependency of the solution
on the time resolution will be assessed.
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Figure 3:
Contour of w-velocity, dt=12 s, t=3000 s

Source: Original COSMO

Figure 4:
Contour of δu-velocity, dt=12 s, t=3000 s

Source: Original COSMO

GRID CONVERGENCE STUDY

In this section we analyze the impact of the
spatial resolution (∆x and ∆z) and time resolu-
tion (dt) on the results obtained with the original
routines of COSMO. Several simulations were
carried out to assess the grid convergence on
the maximum potential temperature perturba-
tion ( max ∆Θ), the minimum potential tem-
perature perturbation (min ∆Θ), the maximum
vertical velocity (max w) and the minimum ver-
tical velocity (min w) after 3000s of simulation,
as reported in Table 1. The reference results
are those reported by Giraldo, with a horizontal

Figure 5:
Distribution of δΘ at the heigth of 5000 m, dt=12 s,

t=3000 s

Source: Original COSMO

and vertical resolution of 0.25 km and a time
step of 12 s.

The cases labeled as OR2, OR5, OR6, OR7
and OR8 show the dependency of the solution
on the time step, with dt ranging from 3 s to 50
s, with a constant horizontal resolution of ∆x=1
km and ∆z=0.5 km. The comparison among
the cases labeled ad OR1, OR2, OR3 and OR4
show the dependency of the solution on the
vertical resolution with ∆z ranging from 1 km
to 0.125 km and a constant ∆x=1 km, dt=12 s
. Furthermore the dependecy on the horizontal
resolution can be assessed by comparing the
cases labeled as OR1, OR9, OR10 and OR3,
OR13. The potential temperature perturbation
(∆Θ) converges toward the results obtained by
Giraldo as the resolution increases, while the
vertical velocity perturbation remains different
even for the finest resolution. The results show
that the depedency of the solution on the hori-
zontal and vertical resolution becomes negligi-
ble with a grid spacing smaller than 0.25 km,
while the dependency on the time step seems
more tricky. Two effects have to be consid-
ered. At first, the fast (sound and gravity) waves
in COSMO are integrated with a smaller and
roughly constant time step, evaluated indepen-
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dently on the input (longer) time step. More-
over the fast waves time derivative depends on
the weighting parameters adopted in the implicit
formulation.

Finally it has been noticed that the grid conver-
gence to the solution obtained by Giraldo is al-
most of second order for the potential tempera-
ture perturbation, while the vertical velocity per-
turbation does not show the same behaviour. In
order to produce a more consistent comparison
of the results with the ones obtained by Giraldo,
the case labeled as OR13 has been chosen to
perform a further sensitivity study on the val-
ues used for time-weighting in the treatment of
acoustic (sound) waves and gravity waves.

SENSITIVITY ON THE
TIME-WEIGHTING PARAMETERS

In this section we analyze the impact of the
time weighting parameters of COSMO on the
results obtained with the original routines of
COSMO. We recall here that βsw is the value
of the β-parameter used for time-weighting of
the future values in the vertically implicit treat-
ment of acoustic (sound) waves. Indeed βsw=0
gives a time-centred average with no damp-
ing, βsw=1 results in a fully implicit vertical
scheme with strong damping of acoustic and
gravity wave modes. The parameter βgw is
the same as βsw, but used for gravity waves.
Both these parameters act on the w-velocity
equation. On the other hand we have the pa-
rameter β2sw, same as βsw but used in the
p∗, T∗ dynamics for sound waves, and the pa-
rameter β2gw, same as βgw but used in the
p∗, T∗ dynamics for gravity waves. Since slight
positive off-centering is recommended to damp
disturbances, COSMO uses a default value of
0.4 for all these parameters. We noticed that
the values of (βsw/β2sw/βgw/β2gw) highly im-
pact the simmetry and amplitude of the waves

in the solution obtained after 3000s of simu-
lation. Therefore we performed the sensitivity
study reported in Table 2. Figure 6 shows the
iso-contours of horizontal velocity perturbation
(δu) after 3000s of simulation for the case la-
beled as ORβ2 . It’s possible to notice that
using (βsw/β2sw/βgw/β2gw) =(0/0/0/0) results
in a presence of high-frequency noise in the
horizontal velocity distrubution.

Figure 6:
Contour of δu-velocity, dt=12 s, t=3000 s.

(βsw/β2sw/βgw/β2gw)=(0/0/0/0)

Source: Original COSMO

Figure 7:
Contour of w-velocity, dt=12 s, t=3000 s.

(βsw/β2sw/βgw/β2gw)=(0/0/0/0)

Source: Original COSMO

This effect is highlithed in the distribution
of the w-velocity, reported in Figure 7. At
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least a non-zero value of one element among
(βsw/β2sw/βgw/β2gw) is required to damp
these oscillations, while better results and sim-
metrical behaviour can be achieved reducing
them with respect to the default settings.

In order to obtain a better agreement with the
results by Giraldo, the case labeled as ORβ9 ,
where only β2sw=0.4, has been chosen in order
to compare the original routines of COSMO with
the DTS modifications introduced in this paper.

INERTIA-GRAVITY WAVES IN THE DTS
COSMO

Figure 8 shows the iso-contours of horizon-
tal velocity perturbation (δu) after 3000 s of
simulation, using the modified DTS routines of
COSMO: it is possible to notice that the struc-
ture of the u-velocity field corresponds to the
one obtained with the original routines, in Fig-
ure 4 . For a sake of clarity the same contour
intervals have been used. Comparing the w-
velocity fields, i.e. Figure 9 and Figure 3, and
the potential temperature perturbation fields,
i.e. Figure 10 and Figure 2, it is possible to
notice that the DTS predictions using a phisical
time step of dt=3 s give results that are consin-
stent with the ones obtained in the case labeled
as ORβ9 in the original COSMO.

DUAL TIME RESOLUTION
CONVERGENCE STUDY

The time-splitting formulation implemented in
the original COSMO takes advantage of a time
accuracy in the resolution of the fast processes
given by the use of small time steps. Since
we’re considering a gravity (fast) waves test
case, each physical time step in DTS COSMO
has to be small enough to ensure a good res-
olution of the fast processes involved in the
governing equations. In order to assess the
minimum requirements for DTS COSMO, time

Figure 8:
Contour of δ u-velocity, dt=3 s, t=3000 s

Source: DTS COSMO

Figure 9:
Contour of w-velocity, dt=3 s, t=3000 s

Source: DTS COSMO

convergence study has been carried out and
the results collected in Table 3. For a better un-
derstanding of the impact of the dual time res-
olution in comparison with the reference case
(ORβ9), the distribution of the potential temper-
ature pertubation (∆Θ) has been reported at an
altitude of z=5000m in Figure 11 . Comparing
the cases labeled as DTS1(dt=12 s), DTS2(dt=6
s) and DTS3(dt=3 s), it is possible to notice that
a time step of dt=3 s is required to obtain a good
agreement of the potential temperature pertu-
bation with the reference case. A detail of the
potential temperature pertubation at an heigth
of 5000 m among the latitudes of x=155000 m
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Table 1
Grid convegence: inertia-gravity waves

CASE ∆x ∆z dt max ∆Θ min ∆Θ max w min w
[km] [km] [s] [K] [K] [m/s] [m/s]

Giraldo 0,25 0,25 12 0,002787 -0,001518 0,002698 -0,002774
OR1 1 1 12 0,002752 -0,001472 0,002575 -0,002369
OR2 1 0,5 12 0,002781 -0,001498 0,002611 -0,002374
OR3 1 0,25 12 0,002786 -0,001503 0,002610 -0,002378
OR4 1 0,125 12 0,002786 -0,001504 0,002609 -0,002378
OR5 1 0,5 3 0,002781 -0,001492 0,002607 -0,002360
OR6 1 0,5 6 0,002781 -0,001497 0,002611 -0,002371
OR7 1 0,5 24 0,002785 -0,001499 0,002612 -0,002375
OR8 1 0,5 50 0,002908 -0,001532 0,002700 -0,002400
OR9 2 1 12 0,002734 -0,001431 0,002520 -0,002235
OR10 4 1 12 0,002607 -0,001018 0,002147 -0,001174
OR11 0,125 0,25 3 0,002794 -0,001517 0,002631 -0,002439
OR12 0,125 0,25 6 0,002794 -0,001517 0,002610 -0,002441
OR13 0,25 0,25 12 0,002794 -0,001515 0,002616 -0,002406

Table 2
Sensitivity of case OR13 on βs: inertia-gravity waves

CASE max ∆Θ min ∆Θ min w max w βsw β2sw βgw β2gw
[K] [K] [m/s] [m/s]

Giraldo 0,002787 -0,001518 0,002698 -0,002774
ORβ1 0,002794 -0,001515 0,002616 -0,002406 0,4 0,4 0,4 0,4
ORβ2 0,002794 -0,001515 0,002528 -0,002660 0,0 0,0 0,0 0,0
ORβ3 0,002803 -0,001526 0,002619 -0,002442 0,4 0,4 0,0 0,0
ORβ4 0,002799 -0,001518 0,002619 -0,002423 0,4 0,4 0,4 0,0
ORβ5 0,002796 -0,001516 0,002617 -0,002408 0,4 0,4 0,0 0,4
ORβ6 0,002789 -0,001511 0,002532 -0,002575 0,0 0,0 0,4 0,4
ORβ7 0,002792 -0,001514 0,002580 -0,002432 0,0 0,4 0,4 0,4
ORβ8 0,002792 -0,001514 0,002580 -0,002432 0,4 0,0 0,4 0,4
ORβ9 0,002799 -0,001519 0,002578 -0,002475 0,0 0,4 0,0 0,0
ORβ10 0,002799 -0,001520 0,002578 -0,002475 0,4 0,0 0,0 0,0
ORβ11 0,002793 -0,001515 0,002524 -0,002652 0,0 0,1 0,0 0,0
ORβ12 0,002795 -0,001517 0,002480 -0,002577 0,1 0,0 0,0 0,0

Table 3
Time resolution in DTS: inertia-gravity waves

CA SE ∆x ∆z dt max ∆Θ min ∆Θ min w max w
[km] [km] [s] [K] [K] [m/s] [m/s]

Giraldo 0,25 0,25 12 0,002787 -0,001518 0,002698 -0,002774
DTS1 0,25 0,25 12 0.002839 -0.001468 0.002635 -0.002360
DTS2 0,25 0,25 6 0.002847 -0.001449 0.002613 -0.002381
DTS3 0,25 0,25 3 0.0028165 -0.001498 0.002605 -0.002404

and x=165000 m has been reported in Figure
16. A dual time step of dt=12 s is not enough to

capture the two peaks of potential temperature
pertubation, while the results get closer to the
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Figure 10:
Contour of δΘ, dt=3 s, t=3000 s

Source: DTS COSMO

Figure 11:
Distribution of δΘ at the heigth of 5000 m using differents

dual time resolutions

Source: DTS COSMO

original COSMO as the time step decreases.

The threshold chosen for the convergence of
the dual time iterations is the decay of 2.5 (loga-
ritmic) levels in the w-component velocity resid-
ual.

ANALYTICAL SOLUTION FOR THE
LINEAR GRAVITY WAVES

In the second test case we consider the
evolution of a small initial deviation from a
stratified atmosphere which is contained in
a two-dimensional channel. The stratified

Figure 12:
Distribution of δΘ at the heigth of 5000 m using differents

dual time resolutions - detail

Source: DTS COSMO

atmosphere is isothermal with the absolute
temperature T0, which leads to a constant
Brunt − V äisälä frequency and a constant
sound speed. Under this assumption an an-
alytical solution can be derived for linear gravity
waves by means of a Bretherton[10] transfor-
mation, as shown by Baldauf [9]. At the top
and the bottom free slip boundary conditions
are used. At the lateral boundaries periodic
boundary conditions are used. The equations
and the boundary conditions are satisfied for
a stationary, hydrostatic, horizontally homoge-
neous, and isothermal background state. The
warm bubble is initialised by the following devi-
ations from the background atmosphere:

T ′(r, t = 0) = e+
1
2 δz · Tb(r, t = 0)

p′(r, t = 0) = 0

ρ′(r, t = 0) = e−
1
2 δz · ρb(r, t = 0)

(1)

with the Bretherton-transformed temperature
deviation

Tb(r, t = 0) = ∆T · e−
(x−xc)

2

d2 · sinπ z
H

(2)

where ∆T is the temperature perturbartion, xc
is the initial position of the warm bubble, d the
radius of the bubble, H the heigth of the chan-
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nel and δ = g
RT0

the Bretherton-height param-
eter. The appropriate density deviation can be
computed from the linearised ideal gas law. A
Gaussian shape of the bubble in horizontal di-
rection has been implemented in COSMO, as
shown in [5].

ANALYTICAL SOLUTION VS ORIGINAL
COSMO SOLUTION

In the following we report the comparison be-
tween the potential temperature perturbation
(∆Θ) and the w-velocity perturbation (∆w), af-
ter 1800s, using four different grid resolutions
(see Table 4) in the original COSMO. The test
case was carried out with the following param-
eters for the warm bubble: ∆T=0.01 K, the
radius d=5000 m, and the initial position xc =
100 km. The domain is defined as (x, z) ∈
[0, 300000]m × [0, 10000]m with t ∈ [0, 1800]s.
For the background atmosphere, we take T0 =
250 K and psl = 105 Pa at sea level. In ad-
dition, we use the following constants for the
dry air R = 287.05 J/kg/K, cp = 1005.0 J/kg/K,
cv = cp − R, and the gravity acceleration as
g = 9.80665 m/s2. We prescribe a constant
background flow of u0 = 20 m/s. A constant
vertical resolution of the grid of ∆z =125 m has
been fixed. The weighting parameters of the
time-derivative (βsw/β2sw/βgw) have been set
equal to zero, while β2gw equals 0.1 to avoid
numerical high-frequency oscillations of the re-
sults. A small modification has been introduced
in COSMO to reduce the small time step of
the fast waves by five times with respect to its
standard value, in order to obtain an enhanced
time resolution of the gravity waves. Figures
15,16,17 and 18 show the convegence of the
potential temperature perturbation and the w-
velocity perturbation to the analytical solution
at an heigth of 5000 m. As proposed in [5], to
quantify the error of a solution Ψ of COSMO,
we use the mean value of the error in a suitable

norm:

L2(Ψ) = (
1

NxNz

Nx∑
i=1

Nz∑
k=1

|Ψ−Ψref |2)
1
2

L∞(Ψ) = max |Ψ−Ψref |

(3)

Figure 13:
L2-norm and L∞-norm of the w-velocity perturbation:

numerical and analytic convergence.

Source: original COSMO

Figure 14:
L2-norm and L∞-norm of the potential temperature

perturbation: numerical and analytic convergence.

Source: original COSMO

The grid convergence using the L2-norm and
L∞-norm of the potential temperature perturba-
tion and the w-velocity perturbation have been
reported in Figures 13 and 14, using respec-
tively the finest grid and the analytical solution
as reference.
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Table 4
Analytic grid convergence in original COSMO: inertia-gravity waves

GRID ∆x dt L∞ error on ∆Θ L2 error on ∆Θ L∞ error on ∆ w L2 error on ∆ w
[m] [s]

1 1000 20.0 0.3661·10−3 0.7430·10−4 0.1022·10−2 0.2691·10−3

2 500 10.0 0.1299·10−3 0.3586·10−4 0.0396·10−2 0.1201·10−3

3 250 5.0 0.1159·10−3 0.2819·10−4 0.0211·10−2 0.0559·10−3

4 125 2.5 0.1157·10−3 0.2596·10−4 0.0106·10−2 0.0273·10−3

Figure 15:
potential temperature perturbation (∆Θ [K]) and

w-velocity perturbation (∆w) after 1800 s: grid 1 vs
Analytic solution. (βsw/β2sw/βgw/β2gw)=(0/0/0/0.1)

and reduced small time step.

Source: original COSMO

Figure 16:
potential temperature perturbation (∆Θ [K]) and

w-velocity perturbation (∆w) after 1800 s: grid 2 vs
Analytic solution. (βsw/β2sw/βgw/β2gw)=(0/0/0/0.1

and reduced small time step.

Source: original COSMO

Figure 17:
potential temperature perturbation (∆Θ [K]) and

w-velocity perturbation (∆w) after 1800 s: grid 3 vs
Analytic solution.(βsw/β2sw/βgw/β2gw)=(0/0/0/0.1

and reduced small time step.

Source: original COSMO

Figure 18:
potential temperature perturbation (∆Θ [K]) and

w-velocity perturbation (∆w) after 1800 s: grid 4 vs
Analytic solution. (βsw/β2sw/βgw/β2gw)=(0/0/0/0.1)

and reduced small time step.

Source: original COSMO
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The importance of considering a variation of
the weighting parameters with respect to the
default values of 0.4 is shown comparing the
Figure 18 and Figure 19, obtained for the finest
grid.

Figure 19:
potential temperature perturbation (∆Θ [K]) and

w-velocity perturbation (∆w) after 1800 s: grid 4 vs
Analytic solution. (βsw/β2sw/βgw/β2gw) =
(0.4/0.4/0.4/0.4) and original small time step.

Source: original COSMO

The importance of considering a reduction of
the small time step used in the fast processes
with respect to the value computed by COSMO
is shown comparing the Figure 18 and Figure
20, obtained for the finest grid.

ANALYTICAL SOLUTION VS DTS
COSMO SOLUTION

In the following we report the comparison be-
tween the potential temperature perturbation
(∆Θ) and the w-velocity perturbation (∆w), af-
ter 1800 s, using three different grid resolutions
(see Table 5) in the DTS COSMO.

When not explicitely specified, the previous set-
tings used in the orginal COSMO have been
kept. The convergence threshold in DTS
COSMO has been set to a decay of three
logaritimic levels in the residual of the pres-
sure perturbation. The time step used in DTS
COSMO equals to dt=0.36 s, the same time

Figure 20:
potential temperature perturbation (∆Θ [K]) and

w-velocity perturbation (∆w) after 1800 s: grid 4 vs
Analytic solution. (βsw/β2sw/βgw/β2gw) = (0/0/0/0.1)

and original small time step.

Source: original COSMO

step used in the original COSMO to handle the
fast processes in the governing equation. Fig-
ures 23,24 and 25 show the convegence of the
potential temperature perturbation and the w-
velocity perturbation to the analytical solution
at an heigth of 5000 m.

Figure 21:
L2-norm and L∞-norm of the w-velocity perturbation:

numerical and analytic convergence.

Source: DTS COSMO

The grid convergence using the L2-norm and
L∞-norm of the potential temperature perturba-
tion and the w-velocity perturbation have been
reported in Figures 21 and 22, using respec-
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Table 5
Analytic grid convergence in DTS COSMO: inertia-gravity waves

GRID ∆x dt L∞ error on ∆Θ L2 error on ∆Θ L∞ error on ∆ w L2 error on ∆ w
[m] [s]

1 1000 0.36 2.1610·10−3 5.4994 ·10−4 5.0314·10−4 1.6081 ·10−4

2 500 0.36 1.1589·10−3 3.1232 ·10−4 2.5446·10−4 7.4338 ·10−5

3 250 0.36 1.1603·10−3 2.7182·10−4 1.3052·10−4 3.4066·10−5

Figure 22:
L2-norm and L∞-norm of the potential temperature

perturbation: numerical and analytic convergence.

Source: DTS COSMO

Figure 23:
potential temperature perturbation (∆Θ [K]) and

w-velocity perturbation (∆w) after 1800 s: grid 1 vs
Analytic solution. Threshold of 3 logaritmic levels in the

pressure perturbation residual decay.

Source: DTS COSMO

tively the finest grid and the analytical solution
as reference. Comparing Table 4 and Table 5,
it’s possible to notice that using the same time

Figure 24:
potential temperature perturbation (∆Θ [K]) and

w-velocity perturbation (∆w) after 1800 s: grid 2 vs
Analytic solution. Threshold of 3 logaritmic levels in the

pressure perturbation residual decay

Source: DTS COSMO

Figure 25:
potential temperature perturbation (∆Θ [K]) and

w-velocity perturbation (∆w) after 1800 s: grid 3 vs
Analytic solution. Threshold of 3 logaritmic levels in the

pressure perturbation residual decay.

Source: DTS COSMO

resolution in the fast and slow processes lead to
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a better agreement with analytic results, even
when using the coarsest grid. To conclude this
paper we report in Figure 26 the solution ob-
tained on the coarsest grid using a decay of two
logaritmic levels in the residual of the pressure
perturbaton. Comparing the results with those
obtained in Figure 23, it is possible to notice
the importance of ensuring a certain accuracy
in the prediction of the pressure perturbation
to obtain a better comparison with the analytic
results. The author reccomends at most three
logaritmic decay in the pressure perturbation
residual since additional studies, not reported in
this paper, have shown no significant improve-
ment in the quality of the results when further
increasing this treshold. The pressure pertur-
bation residual has been adopted to control the
DTS convergence since it’s the slowest con-
verging one due to preconditioning.

Figure 26:
potential temperature perturbation (∆Θ [K]) and

w-velocity perturbation (∆w) after 1800 s: grid 1 vs
Analytic solution. Threshold of 2 logaritmic levels in the

pressure perturbation residual decay.

Source: DTS COSMO

CONCLUSIONS

In this paper the numerical perfomances of the
DTS have been assessed in comparison with
the operational COSMO model Runge Kutta
scheme on an ideal test case. The inertia-
gravity waves case shows that the DTS inte-

gration is able to give comparable results to
the existing COSMO, both in terms of accuracy
and mesh convergence, leading the author to
further investigate the advantages and disad-
vantages of the proposed methodology with a
real test case in Metereology and Climatology.
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